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Introduction

Theoretical model:

Velocity =
Distance / Time
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Introduction

Theoretical model:
Position = T(x,y,z,t)

Velocity =
the derivative of T
with respect to time

r(t)= [v(t) d#

y v(t =‘:,—;=]a(t) dt

d
a(t) = %
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Harmonic oscillation

What is harmonic oscillation and how can we
describe it mathematically ?
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Harmonic oscillation: Examples
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Harmonic oscillation: Experiment

Experiment to find a mathematical
description of harmonic oscillation
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Harmonic oscillation: Experiment

Conclusion: Harmonic oscillation can be described
by the function: X = a sin(bt + ¢) X
A

P
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B A ‘

Vincent Hedberg - Lunds Universitet 10




Harmonic oscillation: Experiment

Period: The time it takes for the weight to go up and down
Frequency: The number of periods per second.

Amplitude: The maxium movement.

Vincent Hedberg - Lunds Universitet 1

Harmonic oscillation: Notation

X The displacement (m)
A ;/" Y
-y
—+— Xy The amplitude (maximum) X =5
Xy Wi/
-+ 0 Position at rest =3 ¢
—— -X; The amplitude (minimum) T

x The displacement (m) x Forflyttning(m)
Xy The amplitude (m) Xp Amplitud (m)
t Time (s) t Tid(s)
T Period (s) T Period (s)
f Frequency (Hz) =1/T f Frekvens (Hz) =1/T
® Angular Frequency (Hz)=2t/ T=2x f ® Vinkelfrekvens (Hz)=2t/T=21f
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Harmonic oscillation:
velocity & acceleration

We now have a mathematical description of the
displacement.

What is the velocity and acceleration ?

v(t) = dx
dv.
i) =g
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Harmonic oscillation:
velocity & acceleration

Displacement: X = Xpsin(@t) —» x,... =X
i _dx " -
Velocity: v= dt V=0 Xgcos(Ot) — V.. =X,
: dv -
Acceleration: a=-3— 2=-0XSIN(Ot) —p a,,, = %X,
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Harmonic oscillation: Problem

Problem solving
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Harmonic oscillation: Problem

SELICAEAN Period, frequency, and angular frequency

An ultrasonic transducer used for medical diagnosis oscillates at

6.7 MHz = 6.7 X 10° Hz. How long does each oscillation take,
and what is the angular frequency?

1 1
T=—= —— =15 X 107"s = 0.15 us
f 6.7 X 10° Hz

® = 2uf = 27(6.7 X 10° Hz)
= (2 rad/cycle)(6.7 X 10° cycle/s)
= 4.2 X 10" rad/s
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Properties of a spring

Hookes law & Forces

Vincent Hedberg - Lunds Universitet 17

Harmonic oscillation: The spring

Force

Compression Elongation

|

%

Hooke's law for a spring

F=—-kX S aVAVAVAVAVAVAVA s
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However, the oscillations will be the same.
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Harmonic oscillation: Forces

x > 0: glider displaced
to the right from the
equilibrium position.

Forces on a mass
connected to a
horisonthal spring

x = 0: The relaxed spring exerts no force on the
glider, so the glider has zero acceleration.

x < 0: glider displaced
to the left from the
equilibrium position.

F.<0,s0a,<0:
stretched spring
pulls glider toward
equilibrium position.

F.>0,s0a,>0:
compressed spring
pushes glider toward
equilibrium position.
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Harmonic oscillation: Forces

y Gy
n
F,
X
mg
F, = —kx (restoring force exerted by an ideal spring)

F=ma (Newton's second law)

<

d*x k . . :
ay =—> = ——x  (simple harmonic motion)
dt m
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Harmonic oscillation: Forces

x = Acos(wt+d)

Old formulas: v = -0 Asin(@t+)

a=-0?Acos@t+9) [ > Q= -0 X

d*x k
New formula: ay = F = —;Tx (simple harmonic motion)

Combine: -0? = -k/m The frequency
depends on the
|k spring constant and
w = a the mass
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Harmonic oscillation:
Circular motion

Circular motion can be used to
describe harmonic oscillation
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Harmonic oscillation:
Circular motion

Since harmonic oscillation is described by a sinus
function it can also be compared to a circular
motion.
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Harmonic oscillation:
Circular motion

FHYSICS@UNDSW

> |1
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Harmonic oscillation:
Circular motion

Basic description
of circular motion
with constant —
speed |v|

gyl = distance _ circumference _ 2mr _
Y= time time period T

2
a = acceleration= V/r = ®’r
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Harmonic oscillation:
Circular motion

What is x, v.and a in the x-direction ?

y y
- "'S\ ,“- [
- bl Fa i
f’ \ I’ |r6 &.')‘p\\
! L Ty I <t \
! i v : nA S
1 0] H : . = —a ‘cos B
I‘\ _—%l " \ ‘\\ ’ I’
oA ’
\ x =A c0s 0 ‘\ P M o
\\. ’I, “'"'--...._ [ g Svmd = )
[ o
a = wA
x = Acosf v, = —U sm@ a, = —a cosé
A\
| e
radius X Acost
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Harmonic oscillation:
Circular motion

Combine

the acceleration from the discussion about
forces

with

the acceleration in circular motion.

Vincent Hedberg - Lunds Universitet 28




Harmonic oscillation: Frequency

Circular
a Motion X = Acosf
X a, = —w?Acosf
kx/m 6.z -0 X

Simple harmonic motion requires a restoring force
that is proportinal to the displacement.
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Harmonic oscillation: Frequency

(simple harmonic

(simple harmonic motion)

motion)

Note: f and T depends only on k and m but not on the

Mass m increases from curve
1 to 2 to 3. Increasing m alone

X increases the period.

1 2

2

amplitude !

Force constant k increases from
curve 1 to 2 to 3. Increasing k alone
X decreases the period.

3 2.1

Amplitude A increases from curve
1 to 2 to 3. Changing A alone has
X no effect on the period.

AL

A

3
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Harmonic oscillation:
Angular motion

Angular simple harmonic oscillation
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Harmonic oscillation:
Angular motion

The spring in a watch is a harmonic oscillator.

Balance wheel Spring

’.
The spring torque 7, opposes
the angular displacement 6.

6 = Ocos(wt + ¢)
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Harmonic oscillation: Pendulum

The pendulum
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Harmonic oscillation: Pendulum

The pendulum is a harmonic oscillator.

6 = Ocos(wt + ¢)
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Harmonic oscillation:
Equations of motion

Displacement: X= Xpsin(@t) —» X.=Xg Rérelse av en massa
dx hiingande i en fjider.
Velocity: v=-3— V=0 Xgcos(Wt) —» vy, = 0Xg
av g . x=0nirt=0
Acceleration: a=-g— a="0'Xp sin(@t) — a_ . =X,

Displacement: x= Acos(ot) —» x .. =A Massa i circuliir
dk rorelse.

Velocity: v= at v=-0Asin(ot) —» v .. =0A

dv . x=Anirt=0
Acceleration: a=-g— ==0" Acos(0t) —p 2. = @?A
Displacement: x= Acos(0t+d) —m X =A Harmonisk oscillation

. dx .

Velocity: v= at v = -0 Asin(Ot+)) —a V0 = OA x= Acos(®) nirt=10

dv 2 ¢ = fasvinkeln
Acceleration: a=-— 2=° Acos(0t+0) —m-a . =@?A|  (avgor liget vid t = 0)
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Harmonic oscillation: Problem

Problem solving
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Harmonic oscillation: Problem

A spring is mounted horizontally, with its left end fixed. A spring
balance attached to the free end and pulled toward the right
(Fig. 14.8a) indicates that the stretching force is proportional to the
displacement, and a force of 6.0 N causes a displacement of 0.030 m.
We replace the spring balance with a 0.50-kg glider, pull 1t 0.020 m
to the right along a frictionless air track, and release it from rest
(Fig. 14.8b). (a) Find the force constant k of the spring. (b) Find
the angular frequency w. frequency f, and period T of the resulting
oscillation.

€))

m = 0.50 kg

=< VVVVWVVVWWWWWR

I I
| |
x=0 x=0030m Sl Geas

[k [200 kg/s?

= 3.2 cycle/s = 3.2 Hz

W= f—= = 20 rad/s
o —6.0 N \Vm N 050 kg
k=~w—.=._'—,=200Nm=200k,,2 )
x ~ T000m / 4= foo _ _0mdfs
27 2 rad/cycle
T_i_;—(]jls
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Harmonic oscillation: Problem

We give the glider of Example 14.2 an initial displacement xy =
+0.015 m and an initial velocity vg, = +0.40 m/s. (a) Find the
amplitude, and phase angle of the resulting motion.

t=0 m = 0.50 kg
Displacement: X= Acos(@Ot+d) —m Xy = A Xn'= AC()S(ﬁ
Velocity: v=g—: V = -0 Asin(Ot+) —s Vpy a0y = OA t=0 Voy = —wASIng
Acceleration: a= :—: a=-o’ Acos(t+) —mmga = %A voy —wAsing
— = — = —wlang¢
Xo Acosd
Vox 0.40 m/s )
= ——— ) = arctan| — = —53° = —0.93 rad
¢ al‘clan( w.n;.) arc dﬂ( (20 rad/s)(0.015 m) ra
A=x0/cosp=0.015/cos(-0.93)=0.025m
38
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Harmonic oscillation: Problem

. (b) Write o = 20 rad/s
equations for the displacement, velocity, and acceleration as func- ¢ = -0.93 rad
tions of time. A=0.025m

Displacement: x= Acos(0t+d) —m Xpax = A
Velocity: v= g—: V= -0 Asin(0t+)) — V1, = OA

Acceleration: a= g—: a=-o’ Acos(@t+)) — Amax = ®’A

x = (0.025 m)cos [(20 rad/s)r — 0.93 rad]
v, = —(0.50 m/s) sin[(20 rad/s)r — 0.93 rad]
a, = —(10 m/sz)cos[(ZO rad/s)r — 0.93 rad]
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Harmonic oscillation: Energy

Energy in harmonic oscillation
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Harmonic oscillation: Energy

The total
x mechanical energy is
constant

total energy

X
kinetic energy
2 potential energy

Kinetic energy: g, = '.’l;_._

. kx?
Potential energy: E = =—

rgy: Ep= = ) — 5 > X

Total energy: E,=Ej + Ep=% (Ex=0forx=A)

Vincent Hedberg - Lunds Universitet 4

Harmonic oscillation: Energy

What is the total mechanical energy ?

Displacement: x= Acos(@t+)) — x . =A
Velocity: v= g—: v = -0 Asin(0t+Q) — v, = A w = _]_(_
Acceleration: a= g—: a=-0" Acos(@t+0) —-a = @?A i
1.9 lgo. 1. : g . 1y 2
E = smv,° + 3kx* = sm[—wAsin(wt + ¢)]° + sk[Acos(wt + ¢)]
= %K’Azsinz(wt + ¢) + %kAzcosz(wt + @)
= %bﬁ
42
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Problem solving
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Harmonic oscillation: Problem

) AW A=0.020m
- rlo .‘;'IZO.OZOm m =0.50 kg

What is Vmax, Vmin, dmax and Qmin ?

Displacement: X= Acos(@t+) —m Xpa=A Xin = -A
Velocity: v= :]lt v=-0 Asin(0t+)) — V. = 0A Vinin = -OA
i = d_V = -@? A =+ e mz . o= _(DZA
Acceleration: a= dt a cos(Wt+)) — ap, = O°A  Apiy
200 kg/% Vmax — 20 - 0.020 == 0.40 ITI/S
® = \/ = 20 rad/s
m 0.50 kg

ama_\{ = 20 ¥ 20 ¥ 0020 = 8 m/52
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Harmonic oscillation: Problem

m = 050kg A =0.020
HMAVVVVWWWWAR -
£=0 x=0020m t=0 m = 0.50 kg

What is the phase angle ?

Displacement: X= Acos(Wt+d) —m Xpa = A Xin = -A
Velocity: v= g—: = -0 Asin(0t+)) — Vpax = OA Vimin = -OA

Acceleration: a= g—: a = -0 Acos(0t+)) —» Apay = 0?A  Apin= -02A

Getting the phase angle:
x=Awhent=0

A=A cos(0+ ¢)

¢=0
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Harmonic oscillation: Problem

(c¢) Find the velocity v, and acceleration

a, when the glider is halfway from its initial position to the equi- A=0.020m

librium position x = 0. k=200 N/m
m = 0.50 kg m = 0.30 kg
uf\\\\\\\\\\\\f‘ * o =20rad’s
x=0 x=:0010m
Displacement: x = Acos(mt) T
2 dx :
Velocity: v=—— v =-m Asin(wt
elocity: V="gt o A/2=A cos(ot)
; dv = =@
s g=— a=-0" Acos(mt
Acceleration: at (wt) at =i 04T

V=-20+0.020sin(1.047)=- 0.35 m/s

a=-20%+0.020 cos(1.047) = - 4.0 m/s?
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Harmonic oscillation: Problem

(d) Find the total energy, potential energy,

and kinetic energy at this position.

x=A/2=0.020

v=-035m's

2=0.010m

A=0.020m
k=200 N/m
m = 0.50 kg

Total energy:

2

Kinetic energy: E, = n%
: kx2
Potential energy: Ep= 5

kA2

E;=E +E,=—— (Ey=0forx=A)

Tkx? = 3(200 N/m)(0.010 m)? = 0.010 J
smu,? = 3(0.50 kg)(—0.35 m/s)? = 0.030 ]

Ep
Ek
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Harmonic oscillation: Problem

A block of mass M attached to a horizontal spring with force con-
stant & is moving in SHM with amplitude A,. As the block passes
through its equilibrium position, a lump of putty of mass m is
dropped from a small height and sticks to it.

(a) |I|H'

Putty W

TN
/M/
e 7 T LT

—]

rarar g aaaaahp
Aq
Equilibrium position

Calculate new period and amplitude !

k
w = —
m
w 1 k
= =— = (simple harmonic motion)
f 2r 2w \m pie
1 27 fm
T=—==""=2 — (simple harmonic motion)
f Nk =

Step 1. Calculate the new period To:
T>=2n/o=2n (M+m)': / k'

Step 2. The momentum in the x-direction stays the same (but not
the energy):

P, P,

Mvi=(M+m) v
va=viM/(M+m)
Step 3. Calculate new total energy with the putty atx = 0:

Ee = Exx+0 = %M +m)vz2 = Yavi? M?/ (M +m)

Step 4. Calculate new total energy at x = Ax:
EQ =0+%k A32
Step 5. Combine to get Ay:

A = vi M/ [(M + m)k]*
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Harmonic oscillation: Problem

Drop at the end position:

(b) (L Step 1. Calculate the new period T»:
3 T, = 2r /o = 2% (M+m)¥% / k%

k

SVAVAVAVAVAVAVAVAVAVAVAVAV: fﬂ// v=0 Step 2. The momentum in the x-direction stays the same ( = 0):
= +
i Dg(((:q(}(( (.4 LT * Pl = P2=0

Equilibrium position

Step 3. The energy stays the same because all energy is potential

Calculate new period and amplitude ! i x=A

Eu=0+%kA?= Ep= 0+%kAy?

Step 4. Combine to get Ax:

w = i A = A
= Step 5: If the total and potential energy is the same then the
w 1 [k ) i i kinetic energy must also be the same with and without putty:
F= o E\KE (simple harmonic motion)
Ekl == 1/2N[V12 :Ekgz l/z(M‘Fn‘l)sz
T= % = %ﬂ = Z*rrV— (simple harmonic motion)
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Harmonic oscillation: Problem

A body is placed atop the spring. It is in

The shock absorbers in an old car with mass 1000 kg are com- e s i
pletely worn out. When a 980-N person climbs slowly into the car . Y ., "
at its center of gravity, the car sinks 2.8 cm. The car (with the per- . oE e W
; : 3 A spring—~ Al
son aboard) hits a bump, and the car starts oscillating up and down thatobeys SEMM _______ E]
in SHM. Model the car and person as a single body on a single ﬂ:"k“.“ S '_3: e
spring, and find the period and frequency of the oscillation. = -
F, 980 N ;
k=——=———"—=135 X 10* kg/s?
X —0.028 m
o The person’s mass is w/g = (980 N)/(9.8 m/s?) = 100 kg. The
2 total oscillating mass is m = 1000 kg + 100 kg = 1100 kg. The
= period 7'is
| m 1100 kg
T=2m,—=2m 3 2=1.lls
Hooke's law for a spring k 3.5 x 10 kg/g
F=_kX The frequency is f = 1/T = 1/(1.11s) = 0.90 Hz.
50
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Harmonic oscillation

Vibration of
molecules
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Harmonisk oscillation

Mathematics:
The Binomial Theorem

nls — 1)Mz " n(n — 1)(n _2)1,43 .

2! 3!

(1+uw)'=1+nu+

If uis small one can use the beginning of the series as an
approximation:

(1+0.001)*=1.013078......
(1+0.001)3~=1+13-0.001=1.013
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Harmonisk oscillation

Potential energy (U) The Force of one atom on the other (F)

Ro\'2 Ry\°® 12R,"2 6R Up[ f Ro\13 Ro\?
o= o8 oB] et - ) (4)]
r r dr ri r Ry 7 r

Distance between U £
atom centers 2 - f — +
( \L.‘ L ‘-UU . 2 10{.0”\?0 \ f‘,—(i')
) U(r)| Pambola ; . : Near equilibrium. F. can be
Iﬁl ™ Near equilibrium, U can \ L.wee Near equilibrium, F, can be
UU - }: . be approximated by a SUy/Ry - approximated by a straight line.
\ ’_."'. 1‘.'l|".i|')(\t.'l.
2 i 0 - z 2 1 r 0 _N I | r
A o, NG T
toms £
_ _ =058 SU/Ro -
F, = the force exerted : o i s . ;
by the left-hand atom The equilibrium point is at r = Ry The ctlm‘hlmum pointisat r = Ry
on the right-hand atom ~ —2Uo " (where U/ is minimum). —10Uy/Ry |- (where F, is zero).

The equilibrium point is at r = R

The displacement from the equlibrium point is x = r - R,

Vincent Hedberg - Lunds Universitet 53

Harmonisk oscillation

;,=_ﬂ=U[EER:H*_,ﬂn{'}:p%[(&)”_(&ﬂ p ool _Ro \"_ (R Y
rodr LB T “Rol\ r r " TRy [\Ro+x Ry+x

Un[ 1 1 }
=12— E
x=r—Ry RoL(1+x/Rp)®  (1+x/Ry)

Assume that the vibrations are small so that x/R; is small |

We can then use the Binomial Theorem

R SR -13 4 A,
(l - X/R“)B (] + X/R(]) 1 + ( IB)RU
B S =5 vk
1+ R (1 + x/Ry) L i T)RO

Uu[( x) ( X )] (72{10)
B2 12— 1.+ (<13)=) =1 +(~7 )= = — £y
Ry ( )Rn ( )Rn Ré

This is just Hooke’s law, with force constant k = 72Uy/R¢*
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