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Vincent Hedberg - Lunds Universitet



Content

Part 1. What is harmonic oscillation ?
Part 2. Problems

Part 3. Springs, Hooke's law and forces
Part 4. Problems

Part 5. Vertical oscillation

Part 6. Circular movement and harmonic oscillation
Part 7. Energy and harmonic oscillation

Part 8. Problems

Part 9. Harmonic angular movement

Part 10. The pendulum

Part 11. The vibration of molecules

Part 12. Summary

cCooo0oO0O0O0O0O0O0O0RO

Vincent Hedberg - Lunds Universitet



Harmonic oscillation

Part 1. What is harmonic
oscillation and how can we
describe it mathematically ?
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Harmonic oscillation: Examples
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An experiment to find
a mathematical
description of

harmonic oscillation:

https://www.youtube.com/watch?v=p9uhmibZn-c
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Conclusion: Harmonic oscillation can be described by the function:
x = Asin(Bt + C)
if tis the time and A, B and C are constants that describes the moticn.

— N e
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X =Asin(Bt+C) or

X = A cos(Bt + C-m/2)

o [
——— —— '_‘ e - 05
e e K = 0 -
— > T '
. . . 1 :
X . Ver'TICClI dlSp'GCemenT. Unit: meter 2n -3n/2 -m -m/2 O w/2 w 3n/2 2n
t: Time. Unit: second

A : Amplitude (maximum displacement). Unit: meter

B = o : Angular frequency (the number of oscillations per second times 2m).
Unit: Radians per second

C = ¢ : Phase angle (determines the position at time = 0). Unit: radians

Vincent Hedberg - Lunds Universitet 7



Harmonic oscillation: Notation

X = A sin(ot + ¢)
or
X = A cos(ot + 0)

/“ - / ‘

T: Period = the time it takes for the weight to
go up and down. Unit: second ;
f: Frequency = the number of periods per X ’

second. Unit: 1/second = Hz

f=1/T o = 2nf ‘
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Harmonic oscillation: Phase angle

x = A sin(ot + ¢') or X = A cos(ot + ) 1 /l\ ______ :
The phase angle (¢) determines the position at o] N / ' \/

-1

time = O since Then X = ASin((l)') or X = ACOS(q)) @ w2 w w2 O w2 oW w2 2w

SEE R

[ el
| ¢ t
0
X = A sin(ot) X = A cos(wt) X = A cos(ot + n)
X = A cos(ot - 1/2) X = A sin(ot + 1/2) X = A sin(ot - zd]
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. Harmonic oscillation: velocity & acceleration i

We now have a mathematical description of the
displacement.
What is the velocity and acceleration ?

= dx

v =27

d
at) =g
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-Harmonic oscillation: velocity & acceleration |

|

[T,

Displacement: x = A sin(ot)

> Xmax — A

Velocity: vV=0A cos(ot)

Acceleration:

) . )
a=-0"Asin(Ot) —» A =0 A

https://www.youtube.com/watch?v=eeYRkW8V7Vg
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Harmonic oscillation: Summary

X The displacement (m)

A
-+ A The amplitude (maximum)

-+ 0 Position at rest

—+—-A The amplitude (minimum)

x The displacement (m)
A  The amplitude (m)

tf Time(s)

T Period (s)

f Frequency (Hz) =1/T

® Angular Frequency (Hz) =2/ T=2x f

¢ =acos(x9/A)=acos(A/A)=0

X = Acos(wt+d) —F Xpax = A
v =g—i‘ = -0 Asin(@t+)) — v . =®©A
a= ﬁ,‘—;’ = -0 Acos(t+0) —m ap,, =®?A
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Harmonic oscillation: Problems

Part 2. Problems
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Harmonic oscillation: Problems

An ultrasonic device uses sound at a frequency of 6.7 x 10° Hz.

How long does each oscillation take and what angular frequency

f=1/T
o = 2nf

does this correspond to ?

1 1
T=—= —— =15 X 10775 = 0.15 s
f 6.7 X 10° Hz

w = 2mf = 2w (6.7 X 10° Hz)
= (2 rad/cycle)(6.7 X 10° cycle/s)
= 4.2 X 107 rad/s
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Harmonic oscillation: The spring

Part 3. Springs,
Hooke's law & Forces

https://www.youtube.com/watch?v=_ca770YbeZw
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Harmonic oscillation: The spring

Force

A :
:
'
]
]
: ’
’
'
- L/
X
= - -
x Compression Elongation
T E
Y

Hooke's law for a spring . l

F=-kX

k = spring constant
which describes how stiff the spring is.
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Harmonic oscillation: Forces

Newton’s first law of motion: A body acted on by no net force moves with
constant velocity (which may be zero) and zero acceleration.

Newton’s second law of motion: If a net external force acts on a body, the
body accelerates. The direction of acceleration is the same as the direction of the
net force. The mass of the body times the acceleration of the body equals the net
force vector.

21_5' = ma (Newton’s second law of motion)

1. Explain Newtons First Yakka FOob MoG. GRUG
Law of Molion in your
oW words

PubbawuP ZiNK wattoom
GaloRK . CTHUMBLE Spuzz
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Harmonic oscillation with a spring

: s = = 7+ =
Vertical oscillation i = [ 2 L=
Gr‘GViTy wi” STr‘eTCh The Ahanging.;;i;gj ________ Al E ______________ A ;_zi = F = kAl x)
spring to a new eqilibrium o . Fekal El
position. ms
mg
. . . y Equilibrium position
Horizontal oscillation et iy
} ] Spi (s,.prmD relaxed)
Gravity will not stretch P \ g
the spring to a hew  SMWWWW oS x
eqilibrium position. i 7 m /
However, the oscillations will be the same.
18
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Harmonic oscillation with a spring

Horizontal oscillation on an airbed.

https://www.youtube.com/watch?v=9nLedU7qvvw
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Harmonic oscillation: Forces

y y
n
x=0 F‘ro‘ral =0 a, = 0 H::M-'nmn\\\\u_o X .
7 I g
y
I, &
X > O FTOTG' < O GX < O é:ﬁi\\\\\\\\ﬂ; s >’ X
- o
y ay Yy
F. n
< > > X — o Fx
x<0 FTo‘ral 0 ax 0 e T = - X X
™
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Harmonic oscillation: Forces

y 4y
n
FX
AN/ X
= VWV
& mg
F.= —kx (restoring force exerted by an 1deal spring)
21_5 = md (Newton’s second law of motion)
a=d—2x=—ﬁx (simple h nic motion)
- 72 = simple harmonic motion
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Harmonic oscillation: Forces

Old formulas:

x = Acos(ot+d)
v = -0 Asin(ot+d)

a = -’ Acos(ot+d)

?@ a, = -0 X

New formula:

(simple harmonic motion)

dt m
Combine old —w?*x= _%x The frequency T:i)lepe.nds onh two
and new: ~ variables:
[k 1. The spring constant
" Nm 2. The mass

Vincent Hedberg - Lunds Universitet
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Harmonic oscillation: Forces

w

1 [k
fFeE——t—— f— (simple harmonic motion)
20 277 N'm

k
e = > 1 2T

fm
m I'=—=— =24, |— (simple harmonic motion)
f w k

Note: f and T depend only on k and m.
Not the amplitude !

Mass m increases from curve Force constant k increases from Amplitude A increases from curve
1 to 2 to 3. Increasing #2 alone curve | to 2 to 3. Increasing k alone 1 to 2 to 3. Changing A alone has
X increases the period. X decreases the period. X no effect on the period.

. . I

m increases k increases A increases

RS
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Harmonic oscillation with a spring

Increase the mass Increase the spring constant

The frequency decreases The frequency increases
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Harmonic oscillation: Forces

You can look at the oscillations in a different way

dzx k a zx k
= — = ——Xx simple harmonic motion
dr> m R ‘ %

Uy

This is a differential equation

that has the solution / |
k

x = Acos(wt + @) —w*Acos(wt + @) + —Acos(wt + @) = 0

_JE

mn

@ —w?Acos(wt + @) + w?Acos(wt + @) =0

Vincent Hedberg - Lunds Universitet 25



Harmonic oscillation: Problem

Part 4. Problems

3. Find x.

3cm

ATy
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Harmonic oscillation: Problem

T \VAVAVAVAVAVAVAVAVAVAVAY « 3¢

ORLRE : -
x=0 x=0.030m

What is the spring constant ?

Note: The spring force is in the negative direction F = ma

Hooke's law for a spring / N = kg m/SZ
F, —06.0 N
F=—kX k=——= = 200 N@kg/sz

x  0.030m

Vincent Hedberg - Lunds Universitet 27



Harmonic oscillation: Problem

m = 0.50 kg
!

IVVWWWWWVWWVWR
k = 200 kg/s? y | | g |

| |
=10 2=0020m

The mass is withdrawn 2 cm and released.
What will be the angular frequency, frequency and period of the oscillations?

[k /200 kg/s?
w = ,/—|= —g/ = 20 rad/s
7] 0.50 kg

_ o WEE e evelslk — 80 H
o = 2nf f_277_277 rad/cycle wyelejs = A ‘

1| 1
A 3.2 eyclefs

T = = 0.31 s
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Harmonic oscillation: Problem

k = 200 kg/ s2 t =0 o | | m = 0.50 ke
T <AVAVAVAVAVAVAVAVAVAVAVAVS x
®=20rad/s x,=0.015m 27” HORAMDABANN. 3
Vo = +0.40 m/s —_—

What is the amplitude and the phase angle ?

|x= Acos(ot+d) | — X = A
— X9 = Acos¢

—dx _ _ . _ =
v = o Asin(0t+¢) —p v . = oA % Vo = —wASsiIng

—dv_ _ _ 2
——— - Acos(0t+d) —m a, . = w?A Vox  —wAsing
- = = —wtang¢
X0 Acosdo
( v(jx> /( 0.40 m/s
¢ = arctan| — = arctan| — = —53° = —0.93 rad
WXg (20 rad/s)(0.015 m)
A=%x0/cos$dp=0.015/cos(-0.93)=0.025m
29
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Harmonic oscillation: Problem

k = 200 kg/s? t =0 —
® = 20 rad/s S VVVWWWWWWNR .
¢ =-0.93 rad /1/ p

A =0.025m . [ L R

=10 2=0015m

What are the functions for position, velocity and acceleration ?

x= Acos(®t+) — > Xpa = A x = (0.025 m)cos[(20 rad/s)r — 0.93 rad]
v=AX -0 ASin@EH) e vy = 0A v, = —(0.50 m/s) sin[ (20 rad/s)t — 0.93 rad]

a=g—: = -0? Acos(0t+0) —p a_ . =mA a, = —(10 m/sz)cos[(ZO rad/s)r — 0.93 rad]
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Vertical harmonic oscillation

Part B. Vertical oscillation
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Vertical harmonic oscillation

1+ = = A=
Vertical oscillation L E L= %; =
Gravity will stretch the A banging yeing i = « - ¥ rocai-v
spring to a new Hooke's law o s . v
eqilibrium position. mg
mg
Horizontal oscillation 1 i s
Gravity will not stretch SPﬁ“g\ il
the spring to a new @gnmmm%_x
eqilibrium position. Y/ 2 &

However, the oscillations will be the same.

Vincent Hedberg - Lunds Universitet
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Vertical harmonic oscillation

Without oscillations: How much is the spring pulled out ?

§k Ftotalesp_FszAL_mg

Unstretched AL Ftotal =ma=20
spring 5
e
m
Fg AL = —
k
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Vertical harmonic oscillation

Spring Spring
k stretched stretched
by AL by AL — X

WiTh OSCi”GTionS: Unstriched AL 14 F“f’ s
spring X m ‘ Fotal
4+ m 0 .

Add up the forces | -

myg
AL = T Block’s

\ 4

equ‘il'ibrium —T ()scilluli(‘-m
position

= = =

Fiotar = Fsp — Fg = k(AL —x) —mg = —kx
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Vertical harmonic oscillation

Hooke's law: Newton's law:
ﬁtotal = F_):sp — ﬁG = —kx ﬁtotal =ma+0

—>Z azx ‘ azx 4 k —0
—kx—'ma—mat2 ETE mx—

~
This differential equation has the following solution:
x = Acos(wt + @) i = L3
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Harmonic oscillation: Circular motion

Part 6. Circular motion
and harmonic oscillations
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Harmonic oscillation: Circular motion

Description of circular
motion if the velocity
lv| is constant

SmartSchool

. distance _ circumference _ 21r
v = velocity = — = . === —or
ty time time period T
. v2 P
a=acceleration= Y /r= O7r
C =

Vincent Hedberg - Lunds Universitet 37



Harmonic oscillation: Circular motion

A harmonic \
oscillation can be \
described by
the y component
of a circular
motion.

http://www.animations.physics.unsw.edu.au/ jw/flash/shm springl.swf
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"Harmonic oscillation: Circular motion

Since harmonic oscillation is described by a sinus function
it can also be compared to a circular motion.

0= ot
e
Acos(9) A

8 — w #| Theangle increases
https://www.youtube.com/watch?v=9rOHexjGRE4 Iinear'ly with tims

— N e
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Harmonic oscillation: Circular motion
What is x, vand a in the x-direction ?

- ¥
,,’ AR \\ // :GL;O\\
II : \‘ 'I, : .I._f-'ea \“
: e A W
y . — I, ‘\\ a, = —a ‘cos @
N\ x =Acos 8 v /"
\\ /, \\‘ ”,
= AcCos0 o= — i g YD
A = radius / U
N
H i
Total acceleration:  a=v?/r=w?r = ®?A = —w’Acosb _!
40
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Combine
the acceleration from the discussion about
forces

with
the acceleration in circular motion.
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Harmonic oscillation: Circular motion

Forces - Clrcqlar — T
Motion _
F = -k X ay = —w’Acosf
a k x GX - '(1)2 X
X m /
k
) — -
I

Simple harmonic motion requires a restoring force
that is proportinal o the displacement.
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Harmonic oscillation: equations of motion

Movement of a mass Displacement: x= Asin(ot) —» XA
hanging from a spring: dx
Velocity: V= T v=0m A cos(ot) —F V=0 A
x=0whent=0 . dv b ;
Acceleration: a="g— a=-0" Asin(0f) — a,,, =0~ A
Displacement: x= Acos(ot) —» x .. =A
A mass in circular movement: e
P Velocity: V= g—t v=-0 Asin(ot) —» V.= 0A
4 2 -
Acceleration: =Nt = Acos(Ot) —pm 3 =m7A
Harmonic oscillations in general: Displacement: x= Acos(ott)) —m X =A
X = Acos(¢) whent=0 X ;
@ Velocity: v= 3—: v=-0 Asin(Ot+)) — V0 =0OA
¢ = phase angle
; I\ SR 2
(0 determines position at t = 0) Acceleration: 2= a=-0" AcoS(OtH)) — ap,, = 0°A
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Harmonic oscillation: Energy

Part 7.
Energy and
harmonic
oscillations

Vincent Hedberg - Lunds Universitet
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Harmonic oscillation: Energy

CCCCrrrrrceery

The total
mechanical
energy is
constant

F,~E,=0 E, =0
- - mvz .
Kinetic energy: Ey= o where v=-mA sin(o t)

y k 2
Potential energy: = — where

2
Total energy: E=E,+ Ep =kTA (Ex=0for x=A)
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Harmonic oscillation: Energy

X = Acos(ot+o)

v = -0 Asin(0t+Q) m
1 <} 1
E, = 2kx? = zkA%cos?(wt+0)
0

= Ima?AZsin2(ot+) =

E, = E, + Ex = 7kA?[cos?(at+0) + sin?(wt+)] = TKA?
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Harmonic oscillation: Energy

The time dependence of the energy is described
by the square of sine and cosine functions:

E ®=0
E* — E-|- = EP + Ek: %kAZ

N T E, = 3mv2 = 3kA?%sin?(ot)
E R E, = zkx? = zkA%cos?(ot)

7T

NI~
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Harmonic oscillation: Energy

If the oscillation is vertical, a potential energy is
also obtained from gravity.

U,: Elastic potential energy

K: Kinetic energy

E: Total mechanical energy

https://www.youtube.com/watch?v=ITPWyY N2A
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Harmonic oscillation: Problem

Part 8. Problems

3. Find x.

3cm

cm

#ae/{z‘w
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Harmonic oscillation: Problem

- m = 0.50 kg
AZ0020m t: O\qx\\\\\\\\\\\\“‘ x

k =200 N/m g/ e

m=0.50kg I
x=0 x=0.020m

What is v, .., Qe ANd @ ?

2
X = Acos(0t+0) — Xmax=A = E - /M = 20 rad/s
5 m 0.50 kg
=% =-0 Asin(0t+0) —p v =@A
arnax = 20 - 20 | 0.020 — 8 lTl/Sz
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Harmonic oscillation: Problem

A =0.020m t=0 m = 0.50 kg

k =200 N/m Hw \\\\\\\\\\\\ x
m = 0.50 kg / s bL S

o = 20 rad/s X L 0 = I= 0.020 m

What is the phase angle ?

x = Acos(®t+d) > X, =A Getting the phase angle:
" x=A whent=0
=L =0 Asin(@HH)) — > vy, = 0A
dv . . A=A cos(0+ ¢)
A= = Acos(0t+0) — a . = 0°A B ==

Vincent Hedberg - Lunds Universitet 51



Harmonic oscillation: Problem

A=0.020m m — 0.50kg
k=200 N/m

m:().SOkg i \\\\\\\\\\\ﬁ g "

o =20 rad/s I I

— —=-0.010
(1) -0 x g = m

What is v and a when x is halfway in from the maximum position ?

% : . A x = Acos(wt)
X= SCOSEm) Xmax = 0.010 = 0.020cos(20t)
\% =_::il.;£_ — —0) Asin(mt) ._’.. vmax — G)A (DT = 201- = GCOS(0.0IO/0.0ZO) = 1.047 r'Cld
. g_: kil — e 8= A V =-20+0.020 sin(1.047)=- 0.35 m/s

a=-20%2+0.020 cos(1.047)=- 4.0 m/s?
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Harmonic oscillation: Problem

A=0.020m

k=200 N/m . | - ﬁi: 0.50 kg

m =0.50 kg t [’}{(’"\ \ \ \\ \ \\ \ \ \ \f"’\i 2%

o =20 rad/s !/97 s e e b TRy

=0 .?CLO x]:0.010m

x=0.010m

v=-0.35m/s What is the kinetic, potential and total energy ?
SIS =-oid Ep=1kx? = 1(200 N/m)(0.010 m) = 0.010 ]

Potential energy:

Ek= 3mv,> = 3(0.50 kg)(—0.35 m/s)? = 0.030 ]
ET= Ep + Ek — 004()]

Total energy: | =E +E, kA?
T A — (Ex=0for x=A)
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Harmonic oscillation: Problem

Assume the following: A car has a mass of 1000 kg.
A drivers weight is F = 980 N and causes the shock

A body is placed atop the spring. It is in
equilibrium when the upward force exerted by
the compressed spring equals the body’s weight.

absorbers to drop by 2.8 cm. The car drives over a A sprice— I"‘“’
bump and begins to swing by harmonic oscillation. Mooy S ¥
. . law _ =~
What will be the period and frequency ? = —
= -kx
Fx U 1. SN kg/s?
f=1/T X —0.028 m
= o = an The person’s mass is w/g = (980 N)/(9.8 m/s?) = 100 kg. The
total oscillating mass is m = 1000 kg + 100 kg = 1100 kg. The
1% period 7'is
2X I l
: 2 T=1=2—7T=2m/ﬂ \/ S 1dis
E w = P w k 3.5 X 10* kg/s®

The frequency is f = 1/7 = 1/(1.11 s) = 0.90 Hz.

Vincent Hedberg - Lunds Universitet
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Harmonic oscillation: Problem

A lump of clay with the mass m fallsona @ AL

moving mass M at the equilibrium position. PUriY N
B .
: 0 f—
Calculate the new period T, ! VWWWVARR7 “m 4 »
Give the result as a function of R - L e
k,m, M | Equilibrium position
f=U/T |— T=1=2_W=2W\/E The new period T:
o = 2rnf i ﬁ f
2T M+m
T2: = — ZT[
k W k
PR 1.

Vincent Hedberg - Lunds Universitet 55



Harmonic oscillation: Problem

A lump of clay with the mass m falls on a @

moving mass M at the maximum position.

K

I |
NN F [v=0

Calculate the new period T, and the new e eececa~ rarrcaris (Eeeaseabl
. Ty
GmpllTUde AZI Equilibrivm position
f=1T : 1 2a R — 21 M+m
o = 2rnf e T % TZ:ZZZH .
- |k — 1
&= For x = A the kinetic energy = 01 E;= 0+ E; = S kA
1

The total energy is conserved: E;=E,, och A,= A

Vincent Hedberg - Lunds Universitet 56



Harmonic oscillation: Angular motion

Part 9. Harmonic angular motion

The Henry Graves supercomplication
Value: 206 million kronor
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Harmonic oscillation: Angular motion

The spring in a watch is a harmonic oscillator.

The spring torque 7, opposes
the angular displacement 6.

0 = Ocos(wt + )
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Part 10. The pendulum

Foucault's pendulum Demonstrates the earth's rotation
_‘-‘—\-?
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Harmonic oscillation: Pendulum

The pendulum is a harmonic oscillator.

0 = Ocos(wt + ¢>)|
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Harmonic oscillation: Molecules

Part 11. The vibration
of molecules

https://www.youtube.com/watch?v=3RqEIr8NtMI
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Harmonic oscillation: Molecules

Potential energy (V)

- af ()" - (%]

F,,=——'=U(){

Force between two atoms (F,)

12R," qﬁRO"’}_onKRO)B (R0)7]
p i3 T “Ryl\ r r

4

U Fy
2Uy - 10U, /Ry
U(r)
UO [ SUO/RO @
| | |
G~ R, By ' O "\
1.5R;
_UO = —SU /R =
0 0
—2, IF ) —10Uy /R, -

| | e
RN —T3m, %

Vincent Hedberg - Lunds Universitet
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Harmonic oscillation: Molecules

Force between two atoms (F)

m ) ~arra)
RO R0+x R0+x

Ll 11

L (1+x/Ro)®  (1+x/Rp)’

|

r=

f 12R,12 6R6 R &
e ] (5]
dr j,.1. ',.7
- \
10U, /R, |- '
= - R, m—)
5Uo/Ro - Dis’rance to equilibrium point
A L L >
& Ny h
DN 2K,
_SUO/RO [~

Now simplify this |

The equilibrium point is at r = R, since then U is at minimum and F = 0

Vincent Hedberg - Lunds Universitet
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Harmonic oscillation: Molecules

Mathematics: The Binomial Theorem

nin — 1 nin — 1)(n — 2
( ) 5, 1 ) ( ) 5y .
21! 51

(1 +u)" =1+ nu|+

If uis small one can use the beginning of the series as an
approximation:

(1+0.001)"*=1.013078......
(1+0.001)3=1+13-0.001=1.013
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Harmoni

c oscillation: Molecules

F =12

Now simplify this:

Uy 1 1
123_0{ (1+ x/Rg)> (1+x/R0)7}

Up

Ry

Ry Ry

(&) - (7]

Assume that the vibrations \ 1 =1

are small so that x/R, is
small |

We can then use the
Binomial Theorem:

o

WlTh (1 +u)" =1+ nu

(1 + x/Ry) F Rl H)RU
1 _ 7 s &
1+ .r/R0)7 =(1+x/Ry)"' =1+ ( 7)R0
| PR RTEAN IV E (2%
e (1 cm) - (1 )

This is just Hooke’s law, with force constant k = 72Uy/R
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Harmonic oscillation: Summary

Part 12. Summary
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Harmonic oscillation: Summary

X The displacement (m)

A

-+ A The amplitude (maximum)

-+ 0 Position at rest

—+—-A The amplitude (minimum)

¢ =acos(x9/A)=acos(A/A)=0

x The displacement (m)

A The amplitude (m) |x = Acos(wt+0) | — Xpax = A

Fr :injed(S) v =g—i‘ == Asin(@t+)) —p v . =mA
eriod (5) a= dv_ -w? Acos(Ot+D) g Anax = 2 A

f Frequency (Hz) =1/T dt N

® Angular Frequency (Hz) =2/ T=2x f
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Harmonic oscillation: Summary

Harmonic oscillations in a spring >x k[ ..
are described by the equation | N at? +—x =0| if F=-kX

x = Acos(wt + @)

which has the solution | > -
Kinetic energy: E, = 2mv2 |= 3kAZ2sin?(wt)
Potential energy: E, = 2kx2 [= 7kAZ%cos?(ot)
Total energy: ET - Ep + Ek - %kAZ

Vincent Hedberg - Lunds Universitet 68



