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Chapter 14 - Harmonic oscillation
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An experiment to find
a mathematical
description of

harmonic oscillation:

https://www.youtube.com/watch?v=p9uhmibZn-c
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Conclusion: Harmonic oscillation can be described by the function:
x = Asin(Bt + C)
if tis the time and A, B and C are constants that describes the moticn.
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X =Asin(Bt+C) or

X = A cos(Bt + C-m/2)
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e e K = 0 -
— > T '
. . . 1 :
X . Ver'TICClI dlSp'GCemenT. Unit: meter 2n -3n/2 -m -m/2 O w/2 w 3n/2 2n
t: Time. Unit: second

A : Amplitude (maximum displacement). Unit: meter

B = o : Angular frequency (the number of oscillations per second times 2m).
Unit: Radians per second

C = ¢ : Phase angle (determines the position at time = 0). Unit: radians
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Harmonic oscillation: Notation
X = A sin(ot + (1))

or
X = A cos(ot + 0)
T: Period = ‘rhe time it takes for' the welgh‘r to <j/
=t \\ /
go up and down. Unit: second —&) G
f: Frequency = the number of periods per X - @ |
second. Unit: 1/second = Hz ’«'T e W -
f=1/T o = 2nf Seiod of ecillation
5
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Harmonic oscillation: Phase angle

x = A sin(ot + ¢') or X = A cos(ot + ) 1 /l\ ______ :
The phase angle (¢) determines the position at o] N / ' \/

-1

time = O since Then X = ASin((l)') or X = ACOS(q)) @ w2 w w2 O w2 oW w2 2w

SEE R

[ el
| ¢ t
0
X = A sin(ot) X = A cos(wt) X = A cos(ot + n)
X = A cos(ot - 1/2) X = A sin(ot + 1/2) X = A sin(ot - zd]
6 N\
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. Harmonic oscillation: velocity & acceleration i

We now have a mathematical description of the
displacement.
What is the velocity and acceleration ?

= dx

v =27

d
at) =g
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Harmonic oscillation: Summary

X The displacement (m)

A
-+ A The amplitude (maximum)

-+ 0 Position at rest

—+—-A The amplitude (minimum)

x The displacement (m)
A  The amplitude (m)

tf Time(s)

T Period (s)

f Frequency (Hz) =1/T

® Angular Frequency (Hz) =2/ T=2x f

¢ =acos(x9/A)=acos(A/A)=0

X = Acos(wt+d) —
v=g—i‘ = - Asin(ot+3) g
a= g—: = -@? Acos(Ot+D) g

Xmax = A
Vmax — @
Amax =

A

2A
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Harmonic oscillation: The spring
Springs,
Hooke's law & Forces

https://www.youtube.com/watch?v=_ca770YbeZw
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Harmonic oscillation: The spring

A

Force

Compression Elongation

2x y l . l

Hooke's law for a spring

k = spring constant
which describes how stiff the spring is.
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Harmonic oscillation: Forces

Newton’s first law of motion: A body acted on by no net force moves with
constant velocity (which may be zero) and zero acceleration.

Newton’s second law of motion: If a net external force acts on a body, the
body accelerates. The direction of acceleration is the same as the direction of the
net force. The mass of the body times the acceleration of the body equals the net

force vector.

- — .
E F = ma (Newton’s second law of motion)
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Harmonic oscillation with a spring

: s = = 7+ =
Vertical oscillation i = [ 2 L=
Gr‘GViTy wi” STr‘eTCh The Ahanging.;;i;gj ________ Al E ______________ A ;_zi = F = kAl x)
spring to a new eqilibrium o . Fekal El
position. ms
mg
. . . y Equilibrium position
Horizontal oscillation et iy
} ] Spi (s,.prmD relaxed)
Gravity will not stretch P \ g
the spring to a hew  SMWWWW oS x
eqilibrium position. i 7 m /
However, the oscillations will be the same.
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Harmonic oscillation with a spring

Horizontal oscillation on an airbed.

https://www.youtube.com/watch?v=9nLedU7qvvw
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Harmonic oscillation: Forces

y y
n
x=0 F‘ro‘ral =0 a, = 0 H::M-'nmn\\\\u_o X .
7 I g
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X > O FTOTG' < O GX < O é:ﬁi\\\\\\\\ﬂ; s >’ X
- o
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F. n
< > > X — o Fx
x<0 FTo‘ral 0 ax 0 e T = - X X
™
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Harmonic oscillation: Forces

y 4y
n
FX
AN/ X
= VWV
& mg
F.= —kx (restoring force exerted by an 1deal spring)
21_5 = md (Newton’s second law of motion)
a=d—2x=—ﬁx (simple h nic motion)
- 72 = simple harmonic motion
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Harmonic oscillation: Forces

X = Acos(a)t+q))
Old formulas: "—""AS'“("’“‘P)
a = -@? Acos(ot+p) |:> a, = -0? X

X

New for'mu|a ax = 172 = —Zx (simple harmonic motion)
. k
Combine old —w?x=-—x The frequency ilepénds on two
and new: ~ variables:
k 1. The spring constant
o i o
m 2. The mass |
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Harmonic oscillation: Forces

You can look at the oscillations in a different way

dzx k a zx k
= — = ——Xx simple harmonic motion
dr> m R ‘ %

Uy

This is a differential equation

that has the solution / |
k

x = Acos(wt + @) —w*Acos(wt + @) + —Acos(wt + @) = 0

_JE

mn

@ —w?Acos(wt + @) + w?Acos(wt + @) =0
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Harmonic oscillation with a spring

Increase the mass Increase the spring constant

The frequency decreases The frequency increases
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Vertical harmonic oscillation

Vertical oscillation
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Vertical harmonic oscillation

1+ = = A=
Vertical oscillation L E L= %; =
Gravity will stretch the A banging yeing i = « - ¥ rocai-v
spring to a new Hooke's law o s . v
eqilibrium position. mg
mg
Horizontal oscillation 1 i s
Gravity will not stretch SPﬁ“g\ il
the spring to a new @gnmmm%_x
eqilibrium position. Y/ 2 &

However, the oscillations will be the same.
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Vertical harmonic oscillation

Without oscillations: How much is the spring pulled out ?

§k Ftotalesp_FszAL_mg

Unstretched AL Ftotal =ma=20
spring 5
e
m
Fg AL = —
k
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Vertical harmonic oscillation

Spring Spring
k stretched stretched
by AL by AL — X

WiTh OSCi”GTionS: Unstriched AL 14 F“f’ s
spring X m ‘ Fotal
4+ m 0 .

Add up the forces | -

myg
AL = T Block’s

\ 4

equ‘il'ibrium —T ()scilluli(‘-m
position

= = =

Fiotar = Fsp — Fg = k(AL —x) —mg = —kx
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Vertical harmonic oscillation

Hooke's law: Newton's law:
ﬁtotal = F_)'sp — ﬁG = —kx ﬁtotal =ma+0
N\ 4
. 0%x 0°x k .
—kx=ma=mat2 ‘ 6t2+mx_0
~~
This differential equation has the following solution:
x = Acos(wt + @) i = L3
m
23
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Harmonic oscillation: Forces

1 [k
— —  f— (simple harmonic motion)
277 N'm

= 2ar m
m = — =297,/ (simple harmonic motion)
w k
(]
Note: f and T depend only on k and m.
Mass m increases from curve Force constant k increases from Amplitude A increases from curve
1 to 2 to 3. Increasing s alone curve | to 2 to 3. Increasing k alone 1 to 2 to 3. Changing A alone has
X increases the period. X decreases the period. X no effect on the period.

. . I

m increases k increases A increases

b | \n
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Harmonic oscillation: Energy

(COCTTTCLeo

Energy and
harmonic
oscillations

https://www.youtube.com/watch?v=PL5g_IwrZHJ

Vincent Hedberg - Lunds Universitet 25



Harmonic oscillation: Energy

CCCCrrrrrceery

The total
mechanical
energy is
constant

F,~E,=0 E, =0
- - mvz .
Kinetic energy: Ey= o where v=-mA sin(o t)

y k 2
Potential energy: = — where

2
Total energy: E=E,+ Ep =kTA (Ex=0for x=A)
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= sM2A?si nz((of-»q))\:/

E, = E, + Ex = 7kA?[cos?(at+0) + sin?(wt+)] = TKA?
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Harmonic oscillation: Energy

The time dependence of the energy is described
by the square of sine and cosine functions:

E ®=0

MI--.:
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Harmonic oscillation: Summary

SUMMARY

Harmonic oscillation
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Harmonic oscillation: Summary

X The displacement (m)

A

-+ A The amplitude (maximum)

-+ 0 Position at rest

—+—-A The amplitude (minimum)

¢ =acos(x9/A)=acos(A/A)=0

x The displacement (m)

A The amplitude (m) |x = Acos(wt+0) | — Xpax = A

Fr :injed(S) v =g—i‘ == Asin(@t+)) —p v . =mA
eriod (5) a= dv_ -w? Acos(Ot+D) g Anax = 2A

f Frequency (Hz) =1/T dt N

® Angular Frequency (Hz) =2/ T=2x f

=
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Harmonic oscillation: Summary

Harmonic oscillations in a spring

are described by the equation |

which has the solution

0%x k

Jot2 m

+—x=0‘ifF=-kX ‘

N
/]

x = Acos(wt + @)

i

m

w:

Kinetic energy:

Total energy:

Potential energy:

Ek = %ﬂ'\v2
E = 2kx?

E-E -5

+kA2sin?(wt)
+kA2cos?(mt)

$kAZ |
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